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A pulse system, described by a non-linear functional-differential equation, and an “equivalent” continuous non-linear system,
obtained from the initial system by replacing the pulse modulator by its static characteristic is considered. It is shown that, for
a sufficiently high pulse frequency, asymptotic stability of a state of equilibrium of the pulse system arises from the stability of
the equivalent system in the first approximation. © 2003 Elsevier Science Ltd. All rights reserved.

A wide class of non-linear pulse systems is described by the following functional-differential equation
x=f(x)+bf, &= Mo, o =c*x (1)

where b and c¢ are constant real m-dimensional column vectors, the asterisk denotes transposition, f(x)
is a continuous m-dimensional vector function and M is a non-linear operator, according to which to
each function o(¢), continuous in [0, +<0) there corresponds a function &(f) and a sequence #,(n = 0,
1,2, ...; t = 0), possessing the following properties:

positive constants vq and T exist, for which, for all s, the following limit holds

voI'<t, . -t,sT 2

the function &(?) is piecewise-continuous in each interval [, #,.,] and does not change sign in it.
t, depends only on the values of o(t) when 1 < ¢, and &(¢) depends only on the values of 6(t) when
T={,
a continuous function ¢(o) exists such that for each n we obtain 7, € [t,, ¢, 4 1), for which the mean
value of the nth pulse
!

n+l

1
v, = —— (t)dt 3
tn+l - tn "J‘ & ( )
satisfies the relation
v, = 0(0(1,)) “4)

The majority of known forms of pulse modulation (pulse-width modulation, frequency modulation,
amplitude modulation, combined modulation, etc. [1-4]) satisfies the above conditions, in which case
¢(o) is the static characteristic of the pulse modulator (i.e. the dependence of the mean value of the
pulse (3) on the modulating signal ¢, assuming the latter to be constant).

The simplest example is pulse-width modulation of the first kind (PWN-1), for which ¢, = nT

singo(nT), nT<t<nT+71, 5
k@) = (5)
0, nT+1,St<(n+1)T

1, = TF(lo(aT)|)
F()) is a continuous function, non-decreasing in (0, +o), satisfying the conditions F(0) = 0,
0 < F(A) < 1 when A > 0. Pulse-width modulation of the second kind (PWN-2) differs from PWN-1
in that 1, is calculated not from the last formula of (5) but is the first positive root of the equation
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= F(lo(nT +1,)|)

if such exists in [0, T'], and 1, = T otherwise. The essential difference between PWN-1 and PWM-2 is
the fact that whereas in PWM-1 1, is a continuous functional of o(¢) for all 6(f) € C[0, +<0), in the
case of PWM-2 this functional is not continuous in the whole space C[0, +e). It is obvious that for
both forms of pulse-width modulation condition (4) is satisfied when ¢(c) = F(|o])signo, and in the
case of PWM-1 ¢, = nT, while in the case of PWM-2 {, = nT + «,,.

Together with (1) we will consider the system of ordinary differential equations

x = f(x) +bo(c), © = c¢*x (6)

which we will call the “equivalent” system. Since the stability of continuous system (6) has been
investigated much more than the stability of pulse system (1), we are interested in the hypothesis that,
for a sufficiently high pulse frequency (for sufficiently small T'), the stability of system (1) follows from
the stability of system (6). If the question is stability as a whole, this hypothesis has been disproved in
[5, 6] and, using the example of a first-order system with PWM-1, it has been shown that, although the
equivalent system is stable as a whole for any values of the parameters, a pulse system can have an
infinite set of periodic modes of operation, but not as high as the pulse frequency was. In this paper
we prove that this hypothesis holds, if we are dealing with asymptotic stability (“in the small”). If the
system of the first approximation [7] is asymptotically stable for continuous system (6), the state of
equilibrium x = 0 of pulse system (1) will be asymptotically stable.
We will assume that in systems (1) and (6)

f(x) = Ax +a(x) 7
where A is a constant m x m matrix, while the vector function a(x) satisfies the condition
lax)i/lixll — 0, x| —0 (8)

Suppose ¢(0) = 0, the function @(0) is twice continuously differentiable in certain neighbourhood
of the point 6 = 0, and the following inequalities are satisfied

ool <t l¢"(o) <o, 9)

Suppose A_and A, are the minimum and maximum eigenvalues of the matrix H, being a solution of
Lyapunov’s equation

B*H+HB = -1, B = A+kbe*; k = ¢'(0) (10)
We introduce the following notation

24
ci(0) = Z-le*Al’,
Tt

ex(0) = 354-’-(hc| + iy T) + 8122
1T.

48 cl? + 2¢,(0)T?
1 - (48c)? + 2c,(0) T

d,(0) =
d,(0) = [c,(0) + c,(0)d,(0)}T*
p = Z1lIb|*d;(0) + |Ab - kxbld,(0)]

II]] is the Euclidean norm of a vector or a matrix, and k¥ = —¢*b, x; = c*Ab.

Theorem. Suppose conditions (8) and (9) are satisfied, the matrix B is a Hurwitz matrix, and T is so
small that the following inequalities hold
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12
412T2[n—2(llc| + 1)+ 5| <1 (1)
alpTi<1 (12)
Ilx|T + IT|c[ ([Ibf + T|Abl)exp(JAIT) < 1 (13)

Then the state of equilibrium x = 0 of system (1) is asymptotically stable.

Remark. When checking the conditions of the theorem it is useful to bear the following inequalities in
mind 8]

m;nlvk(B* +B)| 2 fmaxp, (B*B)
k

where vi(B* + B) and ,(B*B) are eigenvalues of the matrices B* + B and B*B, respectively.

Proof. We will use the averaging method [4,9]. We introduce the functions
t

W) = Oy 1€ [futyy)e u(®) = [ER) - v(M)]dA
0

Making the Liénad replacement in system (1)
X =y+bu (14)
we obtain, by virtue of Eq. (7), the equations

Ay+a(y+bu)+bv+ Abu (15)

y

o = c*y—-Xu (16)

Equation (15) can be represented in the form

y=By+g (17)
E=8 1818
g =b(v- @)+ (Ab-kxb)u, g,=b(¢-kc), g;=a(y+bu)

Consider Lyapunov’s function V(y) = y*Hy, where the positive-definite matrix H is the solution of
Eq. (10). The derivative with respect to time of V, taken by virtue of system (15), has the form

V=lyl’+L,+L,+Ly; L =2(Hy,g), i=123 (18)
The following inequalities are obvious
AylPs v’ 1Hyl*<A,v (19)
In view of the second inequality of (19) we have
L <enV + oflgi|* <er,v+ gw_ o)’Ibl* + §u2nAb—k»<bu2 (20)
where € is a positive parameter, the choice of which will be discussed below.

We will first assume that condition (9) is satisfied for all . In view of this condition and of Eq. (16)
we have the limit

lo(0) - kol < 9,0%72 < @, (lel’llyl* + *u?)
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Hence, according to the second inequality of (19), the following relation holds
IL,| 2. /A Vo, bl e’ via_+"u’] (21)
Finally, from the second inequality of (19) we obtain the inequality
Ly <2, /A, V]al
From this inequality and the second inequality of (19) we obtain the limit
|Ls| < Aoy + bi) [V + 2(Iy) + b)) (22)

where
u(y +bu) = fla(y + buw)|/ly + bu|

By virtue of relations (18)—(22) we have the inequality
V< [El+ - )»l + Ay + bu)]v + g[ubllz(v - 0)* +||Ab — kxcb|*u?] +
+

(23)
+2ﬁ:{%_llbllcp+ﬂcuzv3'z+ IBllo, k"’ ¥ + ey + bu)lyl” + (lbllzuzl}

Using property (9) and Eq (16), we obtain

t, I

n+l

@2 | (v -ec)di<l [ o)~ o) ds

n+

1

<27 [ {le*y(ia) - e*y (0] + KJucE,) - u(n)| 1ds

It is well known [4, 9], that for any absolutely continuous function {(¢) with { € L,[o, B] and any
i, € [a, B] the Wirtinger inequality holds, namely

B 2B
Jle@ - tiolar < HBZ D fle o ar
T

Hence
t

| le*y|*ds + 41°? | @) +i’(1ar
1 1,

n

2,2
o<t
n

Substituting expression (15) into this inequality and using the limit [4, 9]
lu(n)l < Tlo(2)| (24)

we obtain a chain of relations

'n+l

'n+
81°T? I 2 2 2.2 2
j |c*Ay - kv + K u +c*a|"dt + 81°K’T I v(n)dr <

2
t, 1,

o<

1

n+l 2.2

8I'T

< { ; [uc*Auuyu+(h<|+|»<1|T>!v|+||c||||a||12+8z’xzrzvz}drs
1

t’l

" (2487
2 2.2
< { Ue* ANyl + (Il + iy Y0 + el *fall*] + 8%’ T vz}dr

2
I!l
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We will assume that
H(y +bu) <8, (25)

Then
la(y +bu))> < 285(llyl* + bl u?)

and the limit obtained for ® can be represented in the form

D < (8))T°Y +¢,(8,)T°X (26)

where
t,

n+l

Y= [lyola, x = [ oar

!

n

241
ci(8) = Z-[le*Al +287el’]
T

241
cx(8,) = S[(IK] +[x,|T)* + 28 b1 Nl >k T?] + 817K
1t

We will estimate X in terms of Y. The following inequalities are obtained from relations (9) and (25)
lo(o)l <lle*y —xul,  ¢°(0) < 28%(lelIyl” + k*T*v?)
Since v = ¢ + (v - 9), we have )
Vi< 2q>2 +2(v+ (p)2 < 412||c||2||y||2 +aCT 0 + 2(v- (p)2
Hence the following relation holds
X<al|el’y + 4P T°X + 20
Estimating the right-hand side of this inequality and using inequality (26), we arrive at the limit

X < [48)el? + 2¢,(8,)TA1Y + [4P%’T + 2¢,(8,)T*1X . @7

If the coefficient of X on the right-hand side of this inequality is less than unity (which will be the case
for sufficiently small 3, in view of assumption (11)), we obtain the following relation from limit (27)

48\ cl® +2¢,(8,)T

X<d,(8,)Y, d,8) = (28)
! T 4P + 20817
From relation (26) and (28) we obtain the inequality
D <dy(8,))Y, dy(8;) = [c,(8,) +cy(8,)d,(8,)]T* (29)

Consider the region D = {y : V(y) < &°}. In this region, according to limit (23) and (24), the following
relation holds

V<-v(8,8,)V+F (30)
V8,8) = 1 - ek, — 2 A Ibledels - /.3,

2
2
F =210 (0- )" + 2 [Ab - kxbl®v* + 272 T Ibllp, x*v75 + 2,3, [yl + T21bl%7]
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In view of relations (28) and (29) we have the limit

! z

n+1 n+1

[ Far<dy8,8)) | var

' Iy

27

2 2
d4(5,8,) = H%nbuzdz(al) + 2L JAb — kxbl*4,(8,) +

+27° /K, Ibl o, x%8d,(8,) +2./X,8, +2 JX—+81T2||bII2d,(81)]

From relations (30) and (31) we obtain the inequalities

!

n+1

V(¥(t,1) - V(Y1) S-M8, 8)) [ V(y()ar

Iy

M8, 8)) = v(8,8,)~ds(5,5))

Summing these inequalities over n from 0 to N — 1, we obtain the relation

Iy

V(y () + M3, 8)) [ V(y(1))dr < V(y(0))

0

We require that A(0, 0) > 0. We have
A 1 T
(0,0) = v(0,0)-d5(0,0) = x —€A, ~ —s—p

+

Hence, the relation A(0, 0) > 0 is equivalent to the inequality
Xiez -+ sz),+ <0

which, in view of condition (12), is satisfied when

e.<e<e,, € = (1%,/1-402pTHI(202)

(1)

(32)

It is obvious that w(s, 8,) > 0 for sufficiently small 8 and 8,. It follows from inequality (32) that

y(t,) € D for all n if y(0) € D.

It can be shown that y(¢) € D for all z > 0 if the quantity ||y(0)|| is sufficiently small. Since

lo(o)| < !|o|, we have

lv,| s llo(@,)| < Held, + Hxl|v,|T, 8, = max [y

teft,t,,,]
Hence, in view of condition (13), we obtain the limit
Hence, in inequality (25)
8,0
Integrating Eq. (15), we obtain the representation

y(1) = exp(A(t—t,))y(1,) +

+ chp(A(t —AN{a(y(A) + bu(r)) + bv(A) + Abu(A) }dA

(33)

(34)
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Hence, fort, <t <t, , 1, by virtue of limit (23) and the first inequality of (19), we have the limit

8, < exp(JAIT) JV(¥(0))/A_ + 8,5 35)
s = {(Ib] +|AbIT)d, + (1 +[bf|Td,)d, }exp(|A]T)
If
s<1 (36)

from inequality (35) we have the limit
8, < exp(JAIT)/V(y(0))/[(1-5) /A]

and consequently y(¢) € D for sufficiently small ||y(0)||. In view of condition (13) and property (34),
inequality (36) is satisfied for sufficiently small 8. Since x(0) = y(0) and, by virtue of relations (14), (24)
and (33)

max  |x())f < 8,(1+[x|Td,)

re ['n'rnvl]

the Lyapunov stability of the equilibrium state x = 0 is proved.

We will show that [|x(#)|| — 0 when ¢ — +eo if ||x(0)|] is sufficiently small. According to relation
(32), lly(®) ]| € L2[0, +2). Since, by virtue of Eq. (15), the quantity ||y(f)|| is uniformly bounded with
respect to ¢, we have ||y(#)|| — 0 as¢ — +c<. Then, in view of relations (14), (24) and (33) {|x(*)]| = 0
as ¢t — +o0. And the theorem is proved with the additional assumption that conditions (9) are satisfied
when —e < G < +o0, It can be shown that this assumption is unnecessary. Suppose conditions (9) are
satisfied when | 6| < o,. We will denote by ¢.(c) the function which is doubly continuously differentiable
and satisfies condition (9) for all 6 € (—e0, +), and is identical with ¢(c) when |6| < o,. We will
determine the operator M., which mass o(¢) into &,(#) and {#}} as follows. Suppose |[o(t)| < 6. when
0 =<t <t,and |0(ts)| = 0x. When ¢ < t, we have £.(t) = {(¢) and ¢} = ¢, when ¢, < t.. Suppose

N = maxn
1,51,

We then put ¢ . | = tf + Twhen n = N and &.(t) = @«(o(t})) when £f < ¢ < tf, ;. It is obvious
that for n = N property (4) is satisfied when ¥ = . Suppose x.(f), which satisfies the condition
x.(0) = x(0), is the solution of system (1), in which the operator M is replaced by M,. Then, in view
of what is proved above, |c*x.(t)| < o« for all # > 0 if the quantity |x(0)| is sufficiently small.
Consequently, in this solution M is identical with M, and x(f) = x.(f). Hence |c*x(¢)| < o, for all ¢ >
0, and the assumption that condition (9) holds for all 6 € (—e, +c) can be removed. The theorem is
proved.
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